The four dimensional spherical model is treated as a perturbation of the three dimensional model. An exact resummation of the expansion is possible and the perturbed critical properties are compared with the predictions of the scaling theoretical approach to the problem. Both methods are found to yield the correct dependence on the strength of the perturbation, which can also be found from the exact solution of the model. A more general method of resummation is discussed and applied to the expansions of both the four and five dimensional models. The effects of perturbations which do not alter the critical exponents are also investigated.
Introduction
Attention has recently been focussed on the problem of how a perturbation affects the behaviour of systems which experience a second order phase transition.? Even for a system such as the Ising model different kinds of effect are possible depending on the nature of the perturbation. When the perturbation is a uniform field the ferromagnetic transition disappears entirely, but the effect on the antiferromagnet is a shift in critical temperature and a change of critical amplitudes, both of which appear to be analytic functions of the field strength. Yet another possibility is provided by an interacting pair of infinite Ising layers: a scaling argument suggests that the change in critical temperature no longer depends analytically on the strength of the perturbation, which in this case is the interlayer interaction, as it is reduced to zero. The most general case in which the second order transition survives allows a complete change in the form of the free energy, with the result that even the critical exponents are altered. This kind of behaviour is expected, for example, when the perturbation leads to a change of dimension, as with an infinite set of Ising layers with a perturbation which couples neighbouring spins on adjacent layers.
Consider a spin system with hamiltonian
where is to be regarded as a perturbation, and i a parameter which controls its strength. Assume that in the absence of the perturbation (ie at 1 = 0) the system undergoes a second order transition at some critical temperature Tc(0). If we further assume that the transition remains of second order for A > 0, the free energy in an applied field H and t For reviews of the field of critical phenomena, model systems and scaling, see, for example, Fisher (1967) and Kadanoff et ai (1967) .
D C Rapaport at a temperature T can be written in the form

F = Fo(T, H , A) + f{T -Tc(i), H , A}
where Fo is an analytic function of its arguments and f is singular at a critical temperature T, (I) . (In systems such as the Ising ferromagnet there is no singular term unless H = 0.) What is normally found when perturbation methods are used to obtain an expansion for F about I = 0 is that the terms of the series diverge as T approaches T, (O) . The reason for this could be simply that the perturbation has shifted the critical point, but it is more likely that it signals the onset of behaviour which cannot be adequately represented by just the first few terms of an expansion based on the unperturbed system.
The situation sometimes arises in which the perturbation does not crucially affect the critical properties: though both the critical temperature and the amplitudes are altered the exponents remain unchanged. This suggests rewriting equation 1.1 as here the function f does not explicitly depend on 3, and the effect of the perturbation is merely to change the measurement scales for the temperature and field strength, in addition to altering the critical temperature. The hypothesis of universality (Kadanoff 1970 , see also Griffiths 1970) states essentially that the critical behaviour of a system having only finite range interactions depends only on the dimensionality and on the 'symmetry' of the ordered state; f can therefore be regarded as a universal function which applies to a whole class of systems. On this basis, a perturbation which affects neither the dimensionality nor the ordered state symmetry and does not introduce infinite range forces, will not change the form of the function f, and vice versa. If infinite range forces are allowed, f may well depend on the way the interactions decay at large distances, as in the case of the spherical model (Joyce 1966) . Universality makes no attempt to say anything about the A dependence of a, b and T,, though they are, of course, bounded for finite I .
The evidence for universality is to some degree experimental (see Kadanoff 1970) , but in the main relies on numerical results obtained by extrapolating seties for various model systems. A three dimensional Ising model which is of finite extent in one direction seems to behave two dimensionally (Ballentine 1964 , Allan 1970 ; the precise degree of anisotropy in the classical Heisenberg model does not appear to affect the exponents so long as the symmetry of the ordered state is unaltered (Jasnow and Wortis 1968) , nor, apparently, does changing the range of a short range interaction in the Ising model (Dalton and Wood 1969) . One can go a step further and assume that the functions a, b and T, are analytic in A. This assumption is known as the smoothness postulate (Griffiths 1971) and there is evidence from numerical studies that it applies in the case of the Ising antiferromagnet in a uniform field (Rapaport and Domb 1971) .
The concepts of smoothness and universality enable us to identify three types of perturbation. First there are those which change the class of universality: we have already cited a case where the dimensionality is changed. An example of the change in symmetry is the introduction of anisotropy into the isotropic classical Heisenberg model (the Ising ferromagnet in a field also falls into this category, but there is no longer any transition) a change in the form of the interaction at large distances is brought about by the addition of an infinite range interaction (eg molecular field) to the king model. These and other examples have been studied via a scaling approach (Riedel and Wegner 1969 , Abe 1970 , Suzuki 1971 , Coniglio 1971 . The second kind of perturbation leaves the universality class unchanged but does not satisfy smoothness-the pair of interacting Ising layers is an example ( Abe 1970) . The third kind involves those systems which obey the smoothness postulate. The Ising antiferromagnet is one example, while another is the Ising model with both nearest and next-nearest neighbour interactions (Herman and Dorfman 1968) .
There exist perturbations which, though they do not destroy the second order transition, affect the system in a manner which presents difficulties when looked at from the point of view of universality. We mention two examples. The first is a three dimensional Ising system regarded as an infinite set of layers such that the intralayer interaction alternates between the two values J , and Jb, and the interlayer interaction is J . Such a system is an extension of one discussed by Fisher (1969) and it would be expected to exhibit a transition characteristic of the ordinary three dimensional Ising model. For J = 0 the system splits into two sets of identical Ising layers and therefore has two critical temperatures. A perturbation expansion in terms of J will, of necessity, have a complicated structure. The second example is the exactly soluble eight vertex model whose exponents can vary continuously with a quantity which depends on the parameters of the hamiltonian (Baxter 1971) . This model can also be regarded as a pair of planar Ising systems coupled by a particular kind of four spin interaction; if the four spin term is treated as a perturbation,% follows that the exponent values can depenc! on the perturbation strength. This problem has been discussed by Kadanoff and Wegner (1971) ; it is an example of a special class of system in which universality does not apply.
In this article we describe how the concepts of universality and smoothness arise in a study of the effects of perturbations on the spherical model. Exact solutions can be obtained for spherical models on lattices of different dimension and type and for various kinds of interaction (Berlin and Kac 1952, Joyce 1966 ), so the model seems an ideal vehicle for testing techniques for handling thermodynamic perturbation expansions. In $2 we derive such an expansion for the four dimensional spherical model in which the perturbation is the interaction which couples an infinite set of three dimensional systems into a four dimensional one. In $3 we examine the way scaling theory can be used to treat problems of this kind, and in & I we show how the spherical model series can be resummed to produce the correct four dimensional critical behaviour. In $5 we outline a more general technique for resumming the series and apply it to the four and five dimensional spherical models. In $6 we look at two examples of perturbations which do not alter the exponents but affect the critical temperature and the critical amplitudes in different ways. In the first example, a spherical model with certain next-nearest neighbour interactions, the smoothness postulate is found to apply, but not in the second example, which involves a suitably coupled pair of finite three dimensional spherical models.
Perturbation expansion for the spherical model
The hamiltonian of an array ofN spins located at the sites ofa lattice in a uniform magnetic field H is
where J(vij) is the spin exchange interaction, po the magnetic moment of each spin, and the spin variable si can take any real value subject to the overall spherical tonstraint
N
We now consider the case where the lattice is the four dimensional hypercube, and the interaction is ferromagnetic and confined to pairs of spins which are nearest neighbours; then if ai (1 6 i 6 4) are the basis vectors of the lattice, J(r) is nonzero only when r = a,. An extra parameter, A, is introduced into the problem by the requirement that the interaction strength in one of the directions differs from that of the other three, that is
The technique for solving the spherical model (Berlin and Kac 1952 ) is immediately J ( q ) = J(l 6 i 6 3), J(a,) = U.
generalized to this case, with the result that the free energy per spin is given by -3 . m (2.1)
and z, the 'saddle point variable', is determined from the saddle point equation
In zero field a second order phase transition occurs at z = 1; the critical temperature-obviously a function of A-follows from equations 2.2 and 2.3,
In zero field and for T > T@) the specific heat and susceptibility are dz dK
The magnetization is
The behaviour near the critical point is expected to vary as the value of 2 changes. For A = 0 and , i = 1 we have the isotropic three and four dimensional models respectively; the behaviour reduces to the linear chain (or ring) when A is infinite. For any finite value of 3, other than zero the properties are four dimensional in character. with both the location of the transition and the amplitudes of the thermodynamic quantities depending on A.
If the interaction in the a4 direction is set to zero (ie 2 = 0) what remains is an infinite set of noninteracting three dimensional spherical models. We regard this as our unperturbed system and introduce a perturbation which corresponds to that part of Z N arising from the interactions in the a4 direction. The perturbation expansion which can be derived for the free energy takes the form of a power series in A; in zero field it is where F(0) is the unperturbed free energy, and If the exact solution were known only for A = 0, the terms of the series (2.8) would have to be found by considering the multi-spin correlation functions of the unperturbed system, since +, (O) is just a sum of the 2n-spin cumulants over all possible sets of spins with the restriction that the spins in any given set can be divided into n pairs, the spins in each pair separated by a4. Fortunately the exact solution for the spherical model is available for arbitrary A, so that the terms of equation 2.8 may be obtained without going to this effort. The remainder of this section will be devoted to a description of the steps leading to such an expansion.
Letting x(") denote B"x/aA" evaluated at constant K , we find that
and since 3 71-4 1 :
where Zb(x) is a modified Bessel function of the first kind,
Clearly q51(0) = 0. In terms of two new quantities (and dropping the arguments for clarity)
The higher derivatives of -PF can be wdtten LIS 4n+ = 3 J : dtZ:t-'(PQ('))(") and thc result follows. In deriving equation 2.12 we have made use of the fact that for A = 0
The 3, derivatives of P are conveniently expressed in terms of the quantity
The resulting expressions are
and so on. Combination of equations 2.12 and 2.13 leads to an expression for &+l(0) in terms of various R, and integrals of the form
14)
The behaviour of the R, is determined by differentiating equation 2.3 with respect to
.3 for H = 0 can be rewritten as and since the left side is independent of 2,
Setting n = 1 we find that because l o ( t ) is positive over the entire integration interval, P ( l ) and hence RI are both identically zero. For n = 2 equation 2.16 becomes (2.17)
Before proceeding any further we must investigate the behaviour of the integrals Mk as TJO) is approached from above, that is, as z -+ 1 + 0. The integrand of equation 2.14 is positive and bounded above over the whole intewal, so if M , diverges in the limit z = 1 it will be due to the contribution from large values of t.t We therefore replace the modified Bessel function by the leading term in its asymptotic expansion (2.18)
and study the integral 
to first order. Also from equation 2.12, q53(0) = 0, and the fourth derivative is
Higher derivatives may be found in a similar fashion. The dependence on z is changed to one on K by writing equation 2.15 as
for A = 0. Since 3112
where
to leading order. The final result is the expansion
A similar expansion can be derived for the susceptibility which differs from (2.23) in that odd powers of 1-also appear
The coefficients of each power of 3, in either series diverge as the unperturbed critical point is approached, so clearly these expansions break down when K is sufficiently close to K , that ( K , -K)' z A. However, for small values of 3, one would need to be well into the critical region before noticing that the behaviour is not really that of the three dimensional model. Away from the critical point the terms which have been neglectedfor each power of II a whole series of terms in K , -K less singular than the term retained together with a regular function of K-become important.
Predictions of scaling theory
How can perturbation expansions of the kind we have just derived be used to learn something about the properties of the perturbed system? One way, of course, is to sum the terms of the series, but in most cases this step is rendered impracticable by the sheer effort required in generating the terms. The exception is the spherical model which we shall discuss later. An alternative possibility is to resort to scaling type arguments which attempt to predict the dominant behaviour of the individual terms in the critical region and then to sum the resultant simplified series. The consequences of this kind of approach have already been discussed by a number of authors ( Abe 1970 , Suzuki 1971 , Coniglio 1971 and in this section we review this approach to the problem; the predictions will later be tested against the spherical model. Consider a classical d dimensional spin system with hamiltonian .Xo. If a perturbation %Pl is imposed, the free energy per spin is given by
and it can be expressed as a series expansion in the parameter 3, whose coefficients involve the cumulants of Sl A particular instance of such an expansion occurs for the Ising model above the critical temperature when So is the hamiltonian in zero field, and A S l the interaction between the spins and a uniform magnetic field. In this case equation 3.1 becomes
where h = ,BpoH and (S2n)c denotes a sum over lattice sites of cumulants of 2n spins evaluated at h = 0. It was this problem which Patashinskii and Pokrovskii (1966) discussed (see also Kadanoff 1966 Kadanoff , 1970 , and their arguments suggested that in the critical region (with a redefinition of exponents to conform to current usage) the terms of the expansion diverged: (0)), v and A are the coherence length and free energy gap exponents respectively. An assumption implicit in scaling theory is that 1 < dv 6 3, and that if dv = 2 or 3, tdv appears multiplied by a factor In t (see Stell (1969) for a discussion related to this point). We are then able to concentrate on the singular part of the free energy and to write -PF(O) z aOtdV + terms analytic at t = 0 (3.3) neglecting higher order singular terms. Consequently
where the uZn are constants. In this series only the most strongly singular terms are retained for each power of h; what has been neglected is a doubly infinite series in h and t, all of whose terms are less singular in t for any given power of h than the term present in (3.4). In the critical region it is, of course, these leading order terms which dominate. Assuming that F is an analytic function of temperature in nonzero field, then (3.4) can be regarded as an expansion of the function -PF(h) z td"f(th-(3.5) in which f ( x ) is analytic for x # 0. There are of course, a number of other ways of arriving at this result (eg Griffiths 1967).
We have just demonstrated that a perturbation can eliminate the phase transition entirely. Let us now assume that even with the perturbation applied the transition is of second order, although the form of F and possibly also the values of the critical exponents will change. Once again a scaling type argument is used to provide the form of the expansion coefficients in the critical region. We write the free energy as a double series in the variables 3, and h; for T > T, the series is Since both S and XI depend on the spin variables, ( S 2 n 2 f y ) c will involve a sum over the lattice sites of cumulants evaluated at h = A = 0, the precise details of which will depend on the exact nature of the perturbation. If H I contains k spin interactions, each term of the sum denoted by (S2n#y), will be a cumulant of the form (Sr,Sr, * * * Sr2nSrZn+ 1 . . ' srz,+->c where sr is the spin located at site r.
Near the critical point we can picture the system (for h = A = 0) as a collection of microdomains ('droplets') of ordered spins. By generalizing Kadanoffs (1970) argument we can write where r = max I ri -rjl is the greatest separation between the spins appearing in (. . .),, 5 is the coherence length, and the function f n m is of order one if r 6 5, that is if all the spins are much closer together than the coherence length, but very small if any of the spins are separated by a distance much greater than 5. The indices xu and xu will be defined below. Since 5 diverges as T -+ T, (5 -t-") we can replace the sums over sites by integrations over the ri with the result that ( S 2 n~y )~
The index x, is related to the gap exponent of the unperturbed system, A = (d -xu) v, (Kadanoff 1970) . If we introduce a new 'gap' exponent Au
associated with the 2 derivatives of the free energy we obtain ( s 2 n # y ) , t d v -2 n A -m A a (3.7) which is a fairly obvious generalization of (3.2).
We make the assumption that the perturbed system undergoes a transition only in zero field. Furthermore, because the critical temperature is altered by the perturbation, F(h, %) will be analytic at t = 0 irrespective of h. This suggests formally summing the terms of equation 3.6 to give
where @ is just -pF together with an analytic function oft, h and J. which cannot affect the critical exponents. As was the case with (3.5) only the singular terms dominant near t = 0 are taken into account, and (3.8) will not apply away from the immediate vicinity of t = 0. If, as in the three dimensional spherical model, the unperturbed free energy does not display any singular behaviour as the critical temperature is approached from above (d = 3 and there is no In t term), the argument leading to (3.8) proceeds without using (3.3).
Let d de the dimensionality of the perturbed system and Tc(A) the critical temperature; then if we define the free energy for f 2 0 should be expressible in a form similar to (3.5):
in which it is assumed that so long as J. # 0 the explicit dependence of Y on 3, does not change the exponent values.? Hence ? and x, the analogues of v and A for the perturbed system, are independent of A for A # 0. The expression (3.9) is equivalent to the statement that a change in 2 (providing A # 0) does not affect the universality class of the system.
Tc(J.) may reasonably be expected to be continuous in / 2, which means that for A sufficiently small there is an overlap of the regions in which (3.8) and (3.9) apply. Thus, for h = 0 and J.41
from which it follows that A change of variable in (3.8) (Coniglio 1971) leads to an expression for @ in which with z1 satisfying 4(zl, CO) = 0.
the dependence on t is replaced by one on 2 2 (3.1 1)
For J. # 0 this is clearly a function whose behaviour in the shifted critical region is covered by the class of functions defined in (3.9). The critical properties of the perturbed system for small 2 follow immediately from equation 3.11: if the normal exponent equalities (eg Fisher 1967) are satisfied by both the perturbed and unperturbed systems, the zero field specific heat and susceptibility are c Iv jl(6-a)/AuI-C (3.12)
A(j-;)/Au?-? (3.13) and the magnetization on the critical isotherm (E = 0) is
(3.14)
t If the index xu = d this assumption is untenable, as the exponents can be shown to depend on, (Kadanoff and Wegner 1971) ; we exclude this case from our discussion. The po\sibility that xu > d is also excluded, because €or sufficiently large wz (3.7) no longer diverges at t = 0, and the critical properties are, therefore, unaffected by the perturbation.
where, once again, 7 and 6 are the exponents for the perturbed system corresponding to y and 6. If the critical behaviour involves a dependence on In t or In h the way in which the critical amplitudes vary with il must be looked at more carefully. We shall retum to this problem later in our discussion of the spherical model and also consider what happens if the exponent equalities are not all satisfied. Scaling theory, therefore, is able to predict the variation of the critical amplitude of a quantity given that the perturbation changes the value of the exponent. No relations between the exponents of the unperturbed and perturbed systems are indicated, however, but this is a similar kind of problem to the prediction of the exponents from the hamiltonian itself-a problem which has yet to yield to solution. Finally, there is the problem of determining the value of the exponent A,. It has been argued (Abe 1970) that in the case of a perturbation which couples an infinite set of Ising layers A, = 3 (the susceptibility exponent, y, of the unperturbed system)-+ conclusion supported by the results of a recent numerical study (Rapaport 1971) . A similar argument suggests that for the spherical model discussed in the previous section Au = 2; expression (2.23) confirms this. Other values of A, are appropriate for perturbations which change symmetry, etc (Suzuki 1971) .
The case where neither dimensionality nor the exponents are altered by the perturbation deserves some attention. Equation 3.1 1 becomes
@(t, h, A) x Zd"g51(tilth-"A) and as T approaches T,(il)
@(I, h, A) = tdv41(0, th-'IA)
for A > 0, whereas for A = 0
@(t, h, A) z td"41(co, th-'iA)
In the event that
, ( a , x) = 41(@ x)
(3.15)
we have
@(I, h, A)
and since @ has an expansion in integer powers of il it follows that l/A, must be a positive integer (Coniglio 1971) . So the limits T -+ Tc(il) and il -+ 0 commute, and there is nothing special about the point il = 0 in so far as the critical behaviour is concerned: in other words, the smoothness postulate (Griffiths 1971) applies. Smoothness requires that for a system whose free energy is of the form (1.2) a, b and T, are analytic functions of 1 (over a suitable range), and that the singular behaviour is determined by theA independent two variable function f ( x , y). Under these conditions equations 1.2 and 3.16 are equivalent for 3, < 1, providing, as before, that l/A, is a positive integer. In $1 we mentioned two ex~.mples of systems which apparently obey the smoothness postulate. One, the square Ising model with a perturbation which couples next-nearest neighbour spins (Herman and Dorfman 1968) , is found to have l/A, = 1; the other, the Ising antiferromagnet in a uniform field (denoted by 1 H itself becomes the staggered magnetic field) (Rapaport and Domb 1971) , has l/A, = 2 because of the symmetry under a change of field direction. A further example of smoothness is given in 56. There is no reason why equation 3.15 must be true in general, and in @ we also describe a case where, although the exponents are not affected by the perturbation smoothness is found not to apply.
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Summation of the perturbation series
The perturbation series derived in $2 tell us little about the properties of the perturbed system because each term of the series diverges at the unperturbed critical temperature T,. However, it is reasonable to expect that the critical point is shifted by the perturbation -an assumption supported by the scaling argument; thus the divergence of the individual terms at T, is attributable to expansion of the free energy about the wrong point and does not reflect on the behaviour of the perturbed system. What is required is a method of analytically continuing the function represented by the expansion into a region centred on the perturbed critical point. Such a method is available for the spherical model and will be described in this section. But rather than concentrate on the free energy we shall expand the equation for the saddle point variable (2.3) in terms of A, the aim being to express z as a function of T (or H if the critical isotherm is being studied) and I . Once z is known the thermodynamic properties follow from equations 2.5, 2.6 and 2.7. We start by introducing the function?
so that for H = 0, equation 2.3 is equivalent to
The integrand of equation 4.1 can be expanded as a series in 1. cos w4 and integrated over w4, with the result 
In terms of the exponential integral E,(x)
Y(y) = jd. dt exp (-yt) Io(t)3 + (271)-3'2 1 ~, t , -' -~E~+ * [ ( y -3) to]
1>0
Using the expansion z) is proportional to the random walk generating function (eg Montroll and Weiss 1965) ?or the four dimensional lattice with an anisotropic single step probability whose value in the a4 direction is i times that in the other three. The results of this section can be used in a study of the effects of a change in dimension on the properties of random walks. and expanding exp ( -yt) about y = 3 we find that m where The coefficients a, are independent of the value of to provided that it is sufficiently large, and the upper limit of the sum over n suitably chosen. (ao is just Watson's integral for the simple cubic lattice (Watson 1939) and is the value of 9(0, l).) After substituting equation 4.6 into 4.3 and a certain amount of manipulation we find that 9 ( A , z) can be expressed as the sum of a pair of double series in A and a new variable
one of which is regular in p , the other not. Thus
The regular part is The terms we have ignored appear as corrections of the form A"(Kc -K)-Z"+m+2 with m > 0, but even though some of these will diverge as K -+ K, the divergence is less rapid than that of the term in (4.13) with the same power of A. The first few terms of (4.13) are
and this result can be used.in equations 2.5 and 2.6 to produce expansions for the specific heat and susceptibility, each of whose higher order terms diverges on approaching the critical point of the unperturbed system. This is exactly the problem we encountered earlier and we now show that it can be overcome. Equation 4.11 for the singular part of $(,I, z ) can be expressed as a sum over hypergeometric functions provided that 2%/p < 1,
In order to use this result in the critical region when A is nonzero and consequently p < 2 we must look for an alternative form which has an expansion about p/A = 0.
A linear transformation of the hypergeometric function which changes its argument from x to x / ( x -1) yields (4.14) The critical behaviour can be seen to depend on the properties of the 2 F , hypergeometric function when its argument approaches unity from below. A linear transformation is available whose result is a series which is useful in precisely this region. Care must be taken because the three parameters of the zFl add to an integer, but the required result is well known (ErdClyi 1953) and after simplification we find that the ,F1 of equation 4.14 is replaced by
(4.15) where h,, consists of a sum of four digamma functions,
The logarithm in (4.15) can be expanded as Then, with the exception of the term involving ln(p/A), the remainder of (4.15) The specific heat and susceptibility at H = 0 follow immediately:
87c2k,K,Z11i2
In Z
where Z = T/T,(A) -1. z can also be expressed as a function of H and A on the critical isotherm of the perturbed system, from which we obtain the magnetization
where m, is a positive constant.
We are now in a position to test the predictions made by scaling theory. One difficulty which arises is that the scaling treatment normally assumes that the specific heat diverges at the critical point. But, at least for the three dimensional spherical model, the argument leading to (3.8), and hence to (3.1 l), does not depend on this feature. The resulting alteration of the scaling predictions is that (3.12) is replaced by c = ~( 0 ) + CIA'n,-dij /A.uZd;-2 with C(0) the limiting value of C as i ---f 0 + : c1 is a constant. In four dimensions the critical behaviour involves a logarithmic dependence on Z and H (see Appendix for the spherical model exponents); if we ignore this for the purpose of determining the 1. dependence of the amplitudes we find that the scaling theory predictions agree with the spherical model results. Finally, because AV = y = 2, scaling predicts that the leading order shift in T, is proportional to All2, which ,is just the result given in equation 4.18. So, even though the critical temperature varies continuously with 2, the function TC(3,) is singular at A = 0.
The critical properties by a more general method
It is to be expected that the properties of the perturbed system can be derived if sufficient information about the structure of the perturbation series is available. This is confirmed by the results of $4. Looking again at these results we see that for i < 1 the critical behaviour follows from considering only the first term in the asymptotic expansion (4.5) and all subsequent equations involving the coefficients c,. As A is increased the higher order terms can no longer be neglected and, though the critical exponents remain fixed, both and the amplitudes change with A. The solution for arbitrary 3, appears in the Appendix; the result of the perturbation approach is seen to agree with the exact result when 3. 3 1.
There is a second more general method for extracting the critical properties which does not rely on the transformation properties of the hypergeometric function, and which can, therefore, be used to treat other problems. We start by showing that this method can reproduce the above results and then use it in a discussion of the five dimensional spherical model.
We first rewrite equation 4.14 as
The series (5.2) is convergent for all 1 > 0, even at p = 0; however a repeated term by term differentiation with respect to p eventually yields a series which diverges at p = 0. This implies that for A > 0 G, is itself singular at p = 0. Assume that for fixed A > 0 the form of G, near p = 0 (ie near z = 1) is either 41w + ( z -42(4 e + 0, i,2, ... in addition to determining which of equations 5.3 and 5.4 applies and the value of the index 0. A systematic procedure for determining the behaviour of a function near a singularity of this type has been proposed by Joyce (1972) ; in our problem we are interested only in the leading order singular term and this may be found directly.
Replacing the gamma functions of (5.2) by their leading order asymptotic forms valid for k 9 1 we obtain e = 0,1,2, ... 
Tc.
G,=
and j = (3 + 2%)(z -1). This result is the same as that obtained by expanding the five dimensional saddle point equation in terms of 2 (see Appendix). However, since the expansion of gs(q) involves a power series in y in addition to the singular term, there will be a term in the expansion of POL, z ) linear in z -1 which dominates over (5.7) near the critical point.
As it stands the method is capable of yielding the first singular term in the expansions of the four and five dimensional saddle point equations. In four dimensions the critical behaviour is determined by this singular term, but in five the leading order term of the expansion which controls the critical behaviour is analytic, and not predicted by this method; the term (5.7) appears only as a correction. It may well be possible to extend the method to yield the analytic term as well.
Perturbations which do not affect the exponents
Our discussion of the spherical model has so far concentrated on perturbations which produce a change of exponents and hence permit comparison with the scaling theoretical predictions of how the critical amplitudes depend on the perturbation strength. In this section we consider two examples of perturbations which leave the exponents unaltered.
The first involves the spherical model on the face centred cubic (FCC) lattice in which the nearest neighbour interactions directed along the bonds in two directions is J and along the third 3 J . The thermodynamics of this model can be expressed in terms of the integral A closed form expression for this integral in terms of complete elliptic integrals has been obtained by Joyce (1971) who also points out that for ;1 = 0 the problem reduces to the spherical model on the body centred cubic (BCC) lattice with isotropic nearest neighbour interactions. An alternative way of viewing the anisotropic FCC model is as a BCC model with nearest neighbour interaction J together with interactions of strength AJ between certain pairs of next-nearest neighbours. This latter interaction can be regarded as the perturbation. Without going into detail, it is a straightforward matter to expand the elliptic integrals and to show that both the critical temperature and the thermodynamic amplitudes are analytic functions of A, even at 2 = 0. Thus we have found yet another system which satisfies the smoothness postulate.
The second example is a four dimensional hypercubic spherical model which is of infinite extent in three dimensions and finite in the fourth. The interaction in the first three directions is J and W in the fourth. The interaction I J can be treated as a perturbation which couples a finite set of three dimensional systems. Though strictly four dimensional, this model can be regarded as three dimensional, with a fairly complicated set of short range interactions. The perturbation, therefore, does not change the dimensionality, hence the exponent values should remain unaltered.
The analysis of this model follows the Berlin and Kac (1952) calculation, and it will suffice to mention the points at which the analyses differ. If the edges of the lattice contain ni sites (1 d i d 4) , periodic boundary conditions are assumed, and the interactions are J i = J ( l 6 i 6 3), J4 = 25, we find that the saddle point equation depends on the function
where N = iiln2n3n4 is the number of sites in the lattice. The quantities p j ( l < j < N ) are proportional to the eigenvalues of the matrix which represents the spin-exchange interactions in the hamiltonian and have the form For the particular case n4 = 2 we obtain to leading order
so that
Compare this result with equation 4.18 which applies in the limit n4 -+ c/; : in both cases the leading order shift is proportional to A+, but the coefficients are different. The specific heat and susceptibility in the critical region are found by sol\ ing
for z : to leading order we find that and this can be used in equations 2.5 and 2.6. The H dependence of z on the critical isotherm can also be obtained; the magnetization then follows from equation 2.7. The critical behaviour is found to be qualitatively the same as that of the ordinary three dimensional model, but the amplitude values are different, even for 1. < 1. The same holds true for any finite value of n4.
In both the examples of this section the perturbation fails to change the exponents. but there the similarity ends. Whereas in the first example the critical temperature and the amplitudes vary analytically with A, the amplitude values in the second example change discontinuously when the perturbation is applied, no matter how weak it is. The critical temperature in the second case is continuous. but no longer analytic at 2 = 0. In both cases we could have employed the methods of $2 to derive perturbation expansions qualitatively similar to (2.23). but on account of the very different kinds of behaviour which can arise from different perturbations it is clear that the result of resumming such expansions is, not surprisingly, very sensitive to the nature of the coefficients.
Concluding remarks
Our primary aim has been to show that it is possible to determine the effects of a perturbation on the critical properties of a system, given a certain amount of information about the structure of the terms of the perturbation expansion. Though it is possible, as in $4, to consider the expansion terms in considerable detail, it turns out that much of this is irrelevant if one is only interested in the immediate neighbourhood of the critical point: should corrections to the critical behaviour be needed as well: then, of course? a more detailed knowledge of the term structure must be sought. Thus, in 95, we are able to deduce the critical properties simply be replacing the terms of the perturbation expansion by their leading order asymptotic forms.
It is in a sense unfortunate that the spherical model, which has served as a basis for testing the series summation techniques, shares only some of the properties of the more interesting and 'realistic' systems such as the Ising model. For example, the spherical model's low temperature behaviour has prevented us from studying the effects of a change of dimension on the long range order; the logarithmic terms and the finite specific heat maximum have also tended to complicate matters. It will be interesting to see whether methods of the kind described here can be put to use in a study of systems for which the solution is not already known.
We have also discussed the ideas of smoothness and universality and shown how they can be used to classify some of the possible effects that a perturbation can have on the critical behaviour. The spherical model in its variety of forms supports universality and, in certain cases, provides an application for the smoothness postulate as well. As we mentioned in $1, there is evidence to suggest (but not necessarily confirm) that universality is a feature common to a wide class of systems. The somewhat restricted property of smoothness has also found support. Like scaling, these ideas stand or fall as more information becomes available from series studies and exact solutions; meanwhile they serve as a convenient framework for classifying and (hopefully) interpreting available results, and as a source of ideas for future research.
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